Three central results in economic theory -Brouwer's fixed-point theorem, Sperner's lemma, and the Knaster-Kuratowski-Mazurkiewicz (KKM) lemma -are known to be equivalent. In almost all cases, elementary direct proofs of one of these results using any of the others are easily found in the literature. This seems not to be the case for the claim that the KKM lemma implies Sperner's lemma. The goal of this note is to provide such a proof.
Introduction
Three central results for economic theory are known to be equivalent: Brouwer's (1911) fixed-point theorem, Sperner's (1928) lemma, and the Knaster-Kuratowski-Mazurkiewicz (KKM, 1929) lemma. Shortly after Sperner's publication, Knaster et al. (1929, §3-4) showed that Sperner's lemma implies the KKM lemma and that the latter implies Brouwer's fixed-point theorem. Much later, Yoseloff (1974, Thm. 1) proved that Brouwer's fixed-point theorem implies Sperner's lemma, thereby closing the cycle of implications that makes these results equivalent.
So we have an indirect proof that KKM implies Sperner: KKM implies Brouwer, Brouwer implies Sperner. But my search for an elementary, direct proof came up empty. After recalling relevant definitions, I provide such a proof below. For short direct proofs that Brouwer implies KKM and that Sperner implies Brouwer, see, e.g., Border (1985, p. 44 and 28) .
Definitions and notation
Throughout the note, sets lie in R n . Denote its standard basis vectors by e 1 , . . . , e n . An m-simplex in R n is the convex hull
of m + 1 affinely independent vectors a 1 , . . . , a m+1 in R n , its vertices. Affine independence means that the only scalars for which 
is an (n − 1)-simplex. Affine independence implies that each element of S has a unique representation as a convex combination i λ i a i of its vertices. The scalars λ i are called barycentric coordinates or weights. The vertices of S are said to span S. A face of a simplex is a simplex spanned by a subset of its vertices. Using the set of all its vertices, S is a face of itself.
A subdivision of ∆ is a finite collection of smaller (n −1)-simplices whose union is ∆ and where the intersection of any two such smaller simplices is empty or a face of both. A Sperner labeling assigns a label 1, . . . , n to each vertex of the simplices in the subdivision. The label ℓ(x) of each vertex x is chosen among its positive coordinates: ℓ(x) ∈ {i : x i > 0}. A simplex in the subdivision is completely labeled if its set of vertices has all n distinct labels.
The left panel of Figure 1 shows a subdivision of the unit simplex in R 3 ; its corners correspond with the standard basis vectors e 1 , e 2 , and e 3 , and by definition have label 1, 2, and 3, respectively.
KKM implies Sperner
Let us start with the formulations of the KKM lemma and Sperner's lemma:
The KKM lemma. If C 1 , . . . ,C n are closed subsets of ∆ and for each nonempty J ⊆ {1, . . . , n}, set
Sperner's lemma. Consider a simplicial subdivision of ∆ and a Sperner labeling. This subdivision contains a completely labeled simplex.
For a direct proof that the KKM lemma implies Sperner's lemma, we find sets C i in the KKM lemma such that points in their intersection lie in a completely labeled simplex. The intuition is to exploit the unique representation of elements in a simplex as a convex combination of its vertices. If x lies in a simplex and its barycentric coordinate/weight on a vertex v is strictly positive, then that vertex must lie in every face containing x: had it been absent, x would have a second representation that did not use v. So we take C i to be the elements of simplices in the subdivision whose weights on a vertex with label i are sufficiently large -for convenience, at least 1/n: since simplices in the subdivision of ∆ have n vertices and weights sum to one, there is always a vertex with weight 1/n or more. Now if x belongs to C 1 and C 2 , it must lie in a face with labels 1 and 2. Repeating this, we find a simplex with all labels. The sets C 1 , C 2 , and C 3 for our example in R 3 are sketched in Fig. 1 . To find C 1 , for instance, go through all simplices of the subdivision and color all elements where a vertex with label 1 has barycentric coordinate 1/3 or more. Their union is C 1 . A more naive approach (yes, my first guess), to define C i as the set of points in simplices with label i , does not work. The starred vertex in Fig. 1 lies in a simplex of the subdivision with label i , no matter what label i ∈ {1, 2, 3} you choose, but not in a completely labeled simplex.
Theorem 1. The KKM lemma implies Sperner's lemma.
Proof. Define C i . Fix label i ∈ {1, . . . , n}. For each simplex S = conv{a 1 , . . . , a n } in the subdivision, define the possibly empty subset T S ⊆ S of convex combinations j λ j a j giving weight λ j ≥ 1/n to at least one vertex a j with label i . Let C i be the union of all these T S . As the union of finitely many closed sets, C i is closed.
Verify the KKM condition. Let J ⊆ {1, . . . , n} be nonempty. To show: ∆ J ⊆ j ∈J C j . So let x ∈ ∆ J . This x is a convex combination x = i λ i a i of vertices of a simplex S = conv{a 1 , . . . , a n } of the subdivision. At least one vertex a i has weight λ i ≥ 1/n. Since x ∈ ∆ J , only coordinates of x and hence of a i that lie in J can be positive. By definition of the labeling, ℓ(
Find a completely labeled simplex. By KKM, there is an x * ∈ i C i . By definition of C i : for each label i , some simplex S i in the subdivision has x * as a convex combination of its vertices with a weight of at least 1/n on a vertex v i with label i . S 1 is completely labeled. Its vertex v 1 has label 1. For labels p = 1, note that x * ∈ S 1 ∩ S p . This intersection is a face of S 1 and S p . But then v p with label p is one of the vertices (of S 1 and S p ) spanning this face: if not, x * would also be a convex combination of vertices of S p other than v p , contradicting its unique representation in S p .
